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Abstract. The theory of quantised fields in de Sitter space is investigated. It is demonstrated
that de Sitter invariant fields transform like Minkowskian fields under a subgroup of the
conformal group, if the de Sitter space is parametrised by horospherical coordinates.
Special attention is thus focused on the resolution of the apparent causality conflict. For
fields of spin less than or equal to one the field equations are derived; the case of arbitrary
spin is dealt with by means of Weinberg-type fields. Furthermore, we give an improved
version of the renormalisability proof for the model of a quantised scalar particle in the
classical de Sitter background field.

1. Introduction

The de Sitter space is a solution of Einstein’s field equation with the cosmological term
and vanishing energy-momentum tensor (for a review see, e.g. Weinberg 1972,
Hawking and Ellis 1973, Misner et al 1973). Its symmetry group contracts into the
Poincaré group in the limit of vanishing curvature (Inénii and Wigner 1954). Further-
more, due to the fact that the fixed group of an arbitrary point is isomorphic to the
Lorentz group, one can introduce fields over this space in close analogy to Minkowski
space.

In view of these attractive properties, the theory of free fields over de Sitter space
has already been dealt with repeatedly (Dirac 1935, Gursey 1964, Gutzwiller 1956,
Nachtmann 1967, Chernikov and Tagirov 1968, Borner and Diirr 1969, Grensing
1970, Tagirov 1973). Our approach to this subject makes use of results obtained
recently in the context of conformal field theory (Riihl 1972, 1973a,b, Grensing 1976).
For the parametrisation of de Sitter space by horospherical coordinates (Hannabuss
1971), the transformation law of the fields is shown to be identical with that of
Minkowskian fields under a subgroup of the conformal group, which is obtained by
setting the time component of translations and special conformal transformations equal
to zero and by restricting the Lorentz group to the rotation subgroup. In contrast to
conformal invariant fields, the de Sitter fields transform locally under special conformal
transformations. However, we do not come into conflict with Einstein causality, which
in essence is a consequence of the fact that the de Sitter space can be endowed with an
invariant causal structure.

We derive the field equations for particles with spin less than or equal to one by
means of a method given in Grensing (1975a); particles of arbitrary spin are discussed
for fields of Weinberg type (Weinberg 1964a,b).

It is well known that the de Sitter group admits no positive-definite operator, which
could serve as a Hamiltonian (Philips and Wigner 1968). As a substitute, the two
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1688 G Grensing

independent solutions of the field equations can be chosen such that in the limit of
vanishing curvature the positive and negative frequency parts of the corresponding field
over Minkowski space are obtained (Nachtmann 1967, Bérner and Diirr 1969). An
improved version of this limiting process is developed and applied to the case of
arbitrary spin.

By means of these results we are able to treat the quantum theory of a scalar field
interacting with its classical de Sitter background field. This model has recently been
shown to be renormalisable (Candelas and Raine 1975, Dowker and Critchley 1976).
We give a rigorous proof of renormalisability, which furthermore makes no use of the
Schwinger-De Witt approach.

2. The de Sitter space and its symmetry group

This section presents the necessary preliminaries in a rather condensed form. The
reader who is not interested in these technical details can skip to § 3, if he is willing to
accept that a field over de Sitter space transforms according to formula (3.2) of the
following section.

The de Sitter space can be realised as the sub-manifoldt

€ -V - - Ey=-r 2.1)
of the pseudo-Euclidean space R"* with elements £ = (£*),-0.1.2,3.s and metric tensor
(8ab)as=0,123s5=diag(+1, -1, -1, -1, —1). (2.2)

Because the hyperboloid of revolution (2.1) is a maximally symmetric space, its
symmetry group, the de Sitter group SO(1, 4), has the same dimension as the Poincaré
group E(1, 3). The stationary subgroup of the point

é=(0’ 0’ O, Oa _r) (23)

is the Lorentz group SO(1, 3). Hence the de Sitter space is diffeomorphic to the factor
space SO(1, 4)/SO(1, 3). This is to be compared with the well known result that
Minkowski space can be identified with the space E(1, 3)/SO(1, 3).

Instead of the restricted de Sitter group, we will later need its spin covering group.
The following realisation, denoted by G, is adapted to our purposes (Cartan 1966). An
element g of G is supposed to be contained in SL(4, C) and must obey the two
conditions

g'Eg=E g'E'g=E, (2.4)
where the matrices E and E' are given by
0 1 ,_(€ O
E'(l 0) E "(0 e)' @3)

All sub-matrices in (2.5) are two-by-two matrices, and ¢ is anti-symmetric with €, =1,
One can show that G is isomorphic to the group Sp(1, 1).

This realisation has the further property that G can be defined as a transformation
group on the space R™*. To this end we introduce the matrix

E=£a')’a (26)

t We only discuss the closed de Sitter cosmos. The open model has the unattractive feature that in
horospherical coordinates it leads to an uneasy distinction of the third spatial component.
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with y* = y%y'y?y*, where v’ is chosen to be
0 0 - 1)
= . 2.7
Y (_1 0 (2.7)

Note that the y-matrices (). =0,1,23, enlarged by v°, constitute a five-dimensional
Clifford algebra on account of

Yoy +yty" =2 (2.8)
Then G acts on R according to
E’:gEg_l, (29)

which gives a homomorphism of G onto the restricted de Sitter group SO(1,4) with the
explicit form
R4 =%Tr(y“g'ybg—l) (2.10)
where R € SO(1, 4).
It is a standard task to parametrise G. A convenient choice is
=<1—%é 3id )(/i 0) ( cosh3A  +isinh %A) (1 +3¢  3i¢ >
87\ sia 1+4a/\0 A/\-isinhfa  coshdr /\ hie  1-%¢
=g(a)g(A)g(d)g(c), (2.11)
where A eSU(2), A €R, 4 is the two-by-two matrix

. (+a3 al—iaz)
y

“\a'+ia? -a° (2.12)

and analogously for é. The decomposition (2.11) is not valid globally. However, this can
be achieved by making use of the element

(0 )

contained in the Weyl group of G. Furthermore, we remark that the stationary
subgroup G of £ takes the simple form

g = (A (A+)_1> (2.14)

with A € SL(2, C).

Now we have developed the necessary tools to parametrise the de Sitter hyper-
boloid. To give a motivation, we note that the product of the first and third factor in
(2.11) times a power of the element (2.13) of the Weyl group maps the fixed point into

g(a)g(d)(g=)" . £=xr (2.15)

+sinh A —e *1g?
e *a
—cosh A +e %142

with w =0, 1. Thus, we can reach all ¢ with £ 2= —r? which obey the restriction

E0+E=Fre #0. (2.16)
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We introduce the notation

72%==xe", z¥=a* (2.17)
and obtain
~(1-2%)/220
§=r( z%/z0 ) (2.18)
\—-(1+22)/2zo k=123

for z°#0, where z =(z"), =0.1.2.3 is a Minkowskian vector with scalar product z°=
(z%%—(z")*~(z%)*—(z*)*. The inversion of (2.18) simply reads

2°=—r/(°+€), 5 =—¢/(E°+ &) (2.19)

for ¢°+¢° # 0. In these coordinates the fixed point corresponding to £ is £ = (1, 0, 0, 0).
If we define

8. = g(a)g(d)(g~)" (2.20)
with @ and A according to (2.17) and @ = (1 —sgn z°)/2 we may write
g.2=z (2.21)

This parametrisation of de Sitter space M will be used exclusively in the following. Note
that due to ¢+ £’ # 0 there are only two charts which do not overlap and thus constitute
no atlas. It is called a horospherical coordinate system because the coordinate
hyperplanes z°= constant are imaginary horospheres of the first kind (Gel'fand et a/
1966). To show this, choose the vector

0
4

£="—(-~1,0,0,0, +1)

of R** with the property £2=0. By virtue of (2.18) £ then obeys the relation
£.£=1,

which is the defining equation for a horosphere of the first kind. Furthermore, that part
of the hyperboloid not covered by the parameters z makes up a horosphere of the
second kind. A basic property of these horospherical coordinates is that the intrinsic
geometry of the coordinate hyperplanes z° = constant is Euclidean (cf (4.17)). As is
concerning the spatial part of z, we thus have a close analogy to Minkowski space.
We conclude this section with a short discussion of the irreducible unitary represen-
tations U* of the quantum mechanical de Sitter group. They are labelled by an index

x={1;4), (2.22)

where ! =0,3, 1,3, . . . isan angular momentum variable and A is a complex number. For
the principal series of representations A takes the values

A= —-3+ip (2.23)

with p eR. It is this series in which we will mainly be interested; the explicit form of
these representations is derived in appendix 1. The complete set of inequivalent

representations is given in the following list (Hirai 1962, Kuriyan et al 1968, Béhm
1973):
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Discrete principal series: [-2=A=—3 A integer or half-integer
together with /
Continuous principal series: A= —3+ip p=0 (2.24)
Supplementary series: 0>A> -3 I=0and A# -1 )
~1>A>-3 [ #0integer
Exceptional series: A=-1 ! integer.

Actually, the discrete series splits into the analytical and the anti-analytical series.
Furthermore, we shall need the eigenvalues of the two Casimir operators of G,
Cn=3MauM* Crv=W,W* (2.25)
with
Wa - _éfabcdeMbCMde’ (226)

where by M, we have denoted the infinitesimal operators of SOy(1, 4) with commuta-
tion relations

(Map, Mea]= —i(8acMia + 8oaMac — 8aaMic — 8ocMaa) (2.27)

abcde

and € is totally anti-symmetric with €°'%** = 1. The calculation yields (cf appendix
D):
U (C)=1(I+1)+A(A+3) UX(Cw)=1(+1)A+2)A+1). (2.28)

Note that the substitution A-> —3 —A does not aiter the eigenvalues; the representa-
tions with label (/; A) and (/; —3 —A) can be shown to be equivalent.

3. The transformation law of fields over de Sitter space

We have pointed out that the stationary subgroup G of £ is isomorphic to the Lorentz
group. Thus we can define fields over de Sitter space and their transformation behaviour
in analogy to the flat case by following a well known procedure.

To this end, we choose a finite-dimensional representation D of SL(2, C) over a
vector space V and define the representation acting on fields, i.e. differentiable maps
y: M-V, by

T(g)(z)=D(g:'g g .. )(g " - 2). 3.1)

There is a profound geometrical concept motivating the introduction of these field
representations, which justifies their physical relevance (Varadarajan 1970).

The boost g,, which enters into (3.1), has been given in (2.20) so that the action of the
individual subgroups (2.11) of G may be calculated. Because the factorisation of G is
not adapted to the de Sitter space, the little group element §(z, g)=g;'g g,-.. must be
determined directly; the result is

T(a)(z)=¢(z—a)

T(AW(z)=DAWAR '2)

T@)y(z)=d(e™z)

T(e)Y(z)=D(A(z, eb(z —2%¢/1-2z . ¢ +2%c?)

(3.2)

with
A(z,c)=1+2%+53¢/(1-2z2.c +2%?)'?, (3.3)
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and where we have extended @ and ¢ to a four-vector, e.g. ¢ =(0,c’, c?, ¢?). This
transformation law, however, is known from conformal field theory. It coincides
precisely with the transformation law of a Minkowskian field with respect to a subgroup
of the conformal group (see Grensing 1976, formula (5.1)), which contains pure spatial
translations and special conformal transformations, dilatations and rotations. Further-
more, the dimension of the field must be put equal to zerof.

Thus the fields over de Sitter space transform under a subgroup of the conformal
group, if the parametrisation by horospherical coordinates is chosen. In particular, ade
Sitter field is dilatation invariant and carries dimension zero for arbitrary spin and, as
will be shown later, arbitrary mass.

4. The causality problem

Due to the property that the transformation behaviour of a de Sitter invariant field is
intimately related to the conformal group, one expects problems with causality.

As to the conformal group, it is known that the causality conflict is avoided for free
fields by a non-local transformation law with respect to special conformal transforma-
tions (Swieca and Vélkel 1973). This has recently been shown to be equally valid for
interacting fields (Mack 1975, Grensing 1976).

For the de Sitter group the situation is different, because a de Sitter field transforms
locally even under special conformal transformations. We shall prove in the following
that a global causal ordering can be defined on de Sitter space, which is invariant under
de Sitter transformations. This entails, as will be shown in § 8, that no difficulties occur
in connection with Einstein causality.

To begin with, we construct a basis of vector fields on M. At first we choose a
canonical basis V, (£) for the tangent space over 2,

134

Vu(za)—;azvu'

4.1)

This basis is mapped into a basis of the tangent space over an arbitrary point z with the
aid of the boost g, by defining

Vu(z) = A4 (8:)V(2), 4.2)
where A,(g) is the derived linear function (Brickell and Clark 1970) of the left
translation A(g)z = g. z. The explicit form of the vector field (4.2) is found to be

0
V.(z)=sgn(z O)ZT a—;?; (4.3)

A simple computation shows that G maps the basis over # into

A@IVL(2) =AWV, (2), (4.4)
where A = 7(g) with 7 the well known homomorphism of SL(2, C) onto the Lorentz
1 On comparing formula (3.2) of this paper with formula (5.1) of Grensing (1976), we omit the € prescription
in the latter. We are free to do this, if we do not require the field to be the boundary value of an analytic or.

anti-analytic function in the forward or backward tube, respectively. Then we obtain a local transformation
law even for special conformal transformations.
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group. Thus an element of G transforms the vector fields into

A(@)Vu(2)=Alg.2,8).V.(g. 2) 4.5)

with #(g(z, 8))=A(z, g) and §(z, )= g7 'g gz ... If the V. (#) are normalised accord-
ing to (V,(2), V,(2)) = g.., then the normalisation of the vector fields is

(Vu(2), V. (2)) = gus (4.6)
due to (4.5). This implies that the metric tensor
d 0
gur(2)= (az_*“ az”)
of de Sitter space reads
8ur(2) = (r/2°) s 4.7)

which can be shown to be identical with the metric tensor the de Sitter space inherits as a
sub-manifold of R™.

The assertion that the de Sitter space is causally orientable in an invariant manner is
an immediate consequence now. We decompose an arbitrary vector field Z(z) over M
with respect to the basis,

Z(z)=v*(2)V,.(2). (4.8)
Then the transformed vector field

Z'(2) = 24(8)Z(2) (4.9)
with z'= g . z has components

v*(z) = AZ', g)0" (2). (4.10)

Hence we can divide the tangent space over an arbitrary point z of M into time-like,
light-like, and space-like vectors and define a time orientation in the usual way, which is
an invariant characterisation in view of (4.10).

We note that the invariance property of sgn v*(z)v,(z) and of sgnv’z) for
v*(z)v,(z)=0 can easily be proved directly. The proof is non-trivial only for special
conformal transformations, where use has to be made of

az/p. Z/O- . n
P =—Z-o-g“f(z )87, (2) 4.11)

with z'=g7'(¢).z and
) z'z,
g“y(z)=g“v—2—zz : (4.12)

Furthermore, one must take into account that

sgn(l—2z.c¢ +zzc2)g'(z)g(z')=A(z, g(e)) (4.13)

is an element of the restricted Lorentz group.
For later purposes we determine those points z, which are causally related to an

arbitrary but fixed point z,. Thus, given a curve z(f) from z(0)=z; to z(1) =z, the

vector
r

z°%)

v*(z(t)) =sgn(z°(t)) 24(t) (4.14)
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must obey the conditions v*(z(#))v,(z(t))=0 and v°%(z(1))>0. Note that the horo-
spherical coordinates are defined for z°# 0 only. Hence we restrict the investigation to
z9,29>0 at first. If we take as curve z(¢) the straight line

z(ty=2z,+t(z2-2z1), 4.15)

the conditions are met for (z,—2;)°=0 and z5—2z3>0. To treat the general case, we
compute the distance squared from z, to z3,

1
(2= [ o RGO d, 4.16)
(V]
for the curve (4.15) with the result
2
(512=——5(z2—21)% 4.17)
222

Now the condition (s*);2 = 0 is easily recognised as the generalisation of the condition
(z—21)*=0 to arbitrary z?,\gg #0 on account of the identity (s%)1,=(£&2—&1)°
Furthermore, from the inequality

62— €31 =1¢2 -1

for (£,~&:)* =0 we infer that the sign of (r/z1) — (r/z3) is invariant for (s*);, =0 due to
the invariance of sgn(§g - &9) for (£,-¢1)°=0.
To collect the results, we have shown that z, is causally related to z, if
2

———; 5(z2—21)°=0 (4.18)
2221

and
——5(23-29)>0, (4.19)
Z2214

and this relation is invariant under de Sitter transformations.
In concluding this section, we give some further geometrical properties of de Sitter

space. By means of the metric tensor (4.7) we can calculate the Riemann tensor with the
result

Riuspr = =2 800 (2)80r ()~ 8 (2)on(2)) (420

Then the well known definition of the curvature K yields K = —1/r®. Thus, the de
Sitter space is a pseudo-Riemannian space of constant negative curvature. Further-
more, the Laplace-Beltrami operator is easily obtained to be

10, 08 8 , 09
D(Z)_r2(z 205" 9z, 22 az°)' (4.21)

Finally, we determine the invariant measure over M. To this end, note that the dual
basis of differential forms

w*(z) =sgn(z°(r/z°% dz* (4.22)
transforms according to

M@ (z)=Az, g)* 0”@ . 2). (4.23)
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Thus, the measure
du(z)=0’(z)X (@)X 0X(z)Xw’(z)=(r/2°)" d*z 4.24)

over M is invariant under de Sitter transformations.

5. Contraction

Intuitively it is obvious that the de Sitter hyperboloid goes over into Minkowski space
for r->00. Furthermore, one then expects the de Sitter group to contract into the
Poincaré group in this limit. The contraction process is a delicate limiting procedure
and has been dealt with extensively in the literature. In the present case we give a
thorough treatment, which heavily relies on the parametrisation by horospherical
coordinates.

At first we define the contraction process for de Sitter space. Consider a point £ with
¢%= —r% in the vicinity of & We associate with ¢ the point x in the tangent plane at &
with the coordinates x* = £*. In the limit r - 00, the point £ of de Sitter space coincides
with the corresponding point x in the tangent plane,

lim (507 §, ‘:‘5) = (xov X, —03)_ (51)

Thus, by virtue of (2.19) it is tempting to define variables x by
2°=—=r/(x°~7), 2 =—x*/(x"-1), (5.2)

and we expect these coordinates to be adapted to the limiting process r > c©. Indeed, it
is easily shown by means of (5.2) that the basis of vector fields tends to the canonical
basis of Minkowski space,

. d
lim vV, (z)= prs (5.3)
and the line element into the Minkowskian value
lirg 8uv(z)d2* dz” =g,, dx* dx”. (5.4)

Furthermore, the limit of the Laplace-Beltrami operator is the Klein~Gordon
operator,
(5.5)

r=>x

3 0

lim O(z) = — —.

) ax* ox,

We now turn to the contraction process for the de Sitter group. It is evident that

rotations with parameters a*” will correspond to Lorentz transformations A in the

tangent plane, and that rotations with parameters a*> will go over into translations a*,
if a** -0 for r > oo such that the limit

lim ra*’=a* (5.6)

r—=ac

is finite. To investigate this in detail, we need the parametrisation of G in terms of the
parameters a“® = —a**, which may be shown to read g = g'g with § according to (2.14)
and

,_( cosh3A  +isinh %A) 1(/§ +AT A -A*)

—isinh3A  coshir /' 2\A-A" A+4" 5.7)
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where A €R and A € SU(2). We define A = and ¢* = o*® with @ the parameters of
A, so that g’ acts on £ as usual. Then, by taking into account that

x°=lirg r(z°-1), x* =1lim -Lozk, (5.8)

r—>x Z

a simple calculation yields

lim r(z°-1)=A%x" +a°, lixgz—r,oz"‘ =A*x" +a" (5.9)
for z' = g. z, which is the well known action of the Poincaré group. It is now obvious
from (5.6) and (5.9), and will be shown explicitly in the next section, that the limit of M,,,
and —M,s/r for r-© is finite and yields the infinitesimal operators of the Poincaré
group. We thus define

1
Pu=——M,s (5.10)

and obtain the commutation relations
M vaP'r]= —1( 'er_ wP )
M, . 8urPy — 8P 5.11)
[P, P,]= %Mu, 0.

Furthermore, we discuss the contraction process for the field representations. As
we shall prove in § 8 the limit

lim r 'y (z) = ¢ (x)

for the de Sitter field exists at least on a certain sub-space of functions. If we assume this
to be true in general, then it easily follows by means of (5.9) and lim,. g, =e that

lim 1" T(g)¢(z) = D(A)p(A™'(x —a)), (5.12)

which is the usual transformation law of a relativistic field in flat space.

The contraction process for the representations of the continuous principal series
has been investigated in the literature (Mickelsson and Niederle 1972, B6hm 1973).
We only make some qualitative remarks on this point. As is evident from the foregoing
discussion, the Casimir operators multiplied by 1/7” have a finite limit for r » . They
contract into

.1 .1

lu’gl.o r—2Cu =-P,P* lim - Cv =W, W* (5.13)
with W* =3¢*""M,,P,, which are the Casimir operators of the Poincaré group.
Correspondingly, the eigenvalues (2.28) of the Casimir operators have a finite limit, if
p = o0 for r - oo such that

limp/r=m (5.14)

r—-»oc

is finite. Then we obtain

1 1
lim FU"(CH)= -m? lim;z-U"(Cw)=—mzl(l+1), (5.15)

7> r—»o0



Quantised fields over de Sitter space 1697

which are the eigenvalues of the Casimir operators of the Poincaré group for real mass
representations. Note, however, that the contracted representation y = (/; —3+ip) is
no longer irreducible. It can be shown to be the direct sum of the representations with
positive and negative energy.

6. Field equations

The field representations over de Sitter space are neither irreducible nor unitary; they
are reducible even if the inducing representation is irreducible. In the Minkowskian
case the field equations are known to enforce irreducibility and unitarity (Niederer and
O’Raifertaigh 1974, Grensing 1975a). A genuine and constructive approach to derive
the field equations over flat space has been given in Grensing (1975a), which can be
applied analogously to de Sitter space (Grensing 1970). In part this method has also
been used in Borner and Diirr (1969).

The infinitesimal operators of the field representation can be computed from (3.2) to
yield

T(Pg) =iz*a,/r

T(P) = — (Spz* +iziz, & —3i(1+27) d)/r
T(Myo) = Zupz* +iziz, 3 +3i(1-2%)a,

T (M) = 2y +i(20c0; — z:01),

(6.1)

where the 2, denote the infinitesimal operators of D. A simple calculation shows that
they indeed contract into the Poincaré operators

. . g . . a d
lm TR) =iz lim T(M,) =3, +1(x“a—?—xv&7), 6.2)
a result which has been anticipated in § 5 for the scalar case.

The Lie algebra operators (6.1) act as differential oﬁerators. Hence the Casimir
operators supply us with differential equations, if we require T(Cy) and T(Crv) to be a
multiple of the unit operator with eigenvalues (2.28). These conditions restrict the
function space to an invariant sub-space.

Thus, in the case of the Casimir operator of second order, the field is subjected to the
condition

(r*O(z) + 320 2% ~2iZaz°d W (2) =[1(1+ D)+ AA + 3w (2), (6.3)

which replaces the usual Klein-Gordon equation. Note that (6.3) depends on the
inducing representation in contrast to the flat case.

For the Casimir operator of fourth order we must specify the representation D of
the Lorentz group. Furthermore, the discrete transformations must be taken into
account. They have been dealt with in detail in appendix 2. We will investigate only
three cases, for which the inducing representation D and the representation of the
discrete transformations have the following form:

s=0: D(@)=1
T(gp)¥(2) = épp(As'2), T(gny(z) = ép(AT'2) (6.4)
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s=3% D(g)=§

T(ge)(2)=sgn(z)y w(As'z),  T(gow(z)=iéry*y’Y(AT'z) (6.5)
s=1: D@)=A

T(gpy(z)= éPAPiﬂ(A;lZ), T(gny(z)= EATAT'JJ(A#Z)- (6.6)

In (6.4)-(6.6) we have denoted by P and T the space and time inversion. Their
representations contract into the most frequently used in flat space. Furthermore, the
total inversion is given as usual by gpr = gpgr and ép, ér take values 1. Note that for
s =3 the discrete transformations commute, though the contracted transformations
anti-commute.

Now we are ready to determine the conditions imposed by the invariant operator of
fourth order (see equation (A.10)).

s=0: T(Cw)=0.

On comparing with (2.28) we obtain [ = 0.

s=73 T(Cwv) =3T(Cu) +15.

Analogously, this condition requires | = 3.

s=1 (T(C)"(2) = AT(C)" (2) +2208 (3¢ °(2) — 29,4 (2)].

In order to make T(C1v) a multiple of the identity operator, we set the second term on
the right-hand side equal to zero. This is achieved by (Grensing 1970, Borner 1971)

3¢°%(z)—2%4"(z) =0, (6.7)

which is the Lorentz condition in de Sitter space. Furthermore we obtain [ =1.

With that we have concluded the investigation of the restrictions implied by the
Casimir operators. However, for s =3 the field representation is still reducible. Con-
sequently we try to find a further invariant operator, which for reasons of simplicity we
take to be a differential operator of first order,

D(z)=C*(z)3, +C(z). (6.8)
Then the invariance conditions

[T(P.), D(z)]=0=[T(M,.), D(2)] (6.9)
determine the functional dependence on z,

C*(z)=2°C*, C(z)=C, (6.10)
and the constant four-by-four matrices C* and C must obey

(2 C]= ~i(8urC. — 8:C) (6.11)

[Zu, C]=0, [Zi0, C]=C*E,,. (6.12)

Equation (6.11) can obviously be satisfied with C* = y*, and from (6.12) we obtain
C = ~3v°. Thus the invariant operator is determined to be

D{(z)=2%"3, —-3y°. (6.13)
The eigenvalue of D(z) is found by observing that
D*(z)=T(Cw)+i= -p?,
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hence we require D(z) = +ip. We take the plus sign due to our unconventional choice
of y° and obtain

2°v*8, —3OW(2) =ipy(2), (6.14)

which is the Dirac equation in de Sitter space (Nachtmann 1967).

It now remains to examine the compatability with the discrete transformations. As
is easily checked, the parity operator commutes with D (z). However, this does not hold
for the time inversion. Hence the time inversion is no symmetry of the theory—at least
for our choice (6.5) of discrete transformations. Therefore we omit the time inversion
in the following investigations, though the field equations for s =0 and s=1 are
invariant under all discrete transformations.

We finally remark that the field equations contract into the corresponding field
equations of Minkowski space. For the Klein-Gordon equation (6.3) this is obvious
from the results of § 5, and for the Lorentz condition (6.7) and the Dirac equation (6.14)
the assertion follows upon multiplication with 1/r. Itis thus tempting to interpret them
as field equations for particles with spin s =0, 3, 1 and mass m = p/r. Further support
for this interpretation will be given in the following.

7. Generalised covariant derivative

In § 4 we have introduced the basis (4.3) of vector fields over de Sitter space. By
definition, they act on scalar functions ¢ over M. These vector fields have the basic
transformation property (4.5), which we rewrite by using the notation A;'(g) = T,(g) as
follows,

TL(8)V* ()9 (2) =V*(2)T(g)¢(z) = A(z, 8)*, V' (g™ . 2)¥(g ™" . 2) (7.1)

with V¥*(z)=g""V,(z) and T(g) the scalar field representation. Thus, T(g) is a field
representation that is obtained by commuting V(z) = (V¥ (2)).=0.1,2,3 with T(g),

T (g)V(z)=V(2)T(g), (7.2)

and is induced by the self-representation of the Lorentz group.
We want to generalise V(z) such that (7.2) remains valid for arbitrary field
representations T(g). The explicit form of (7.2) will then read

V¥ (2)D*5((z, WP (8" . 2) = A" (2,)D*s(§(z, )V (g™ . 2P (g . 2)  (7.3)

with A, B=1,...,N and N the dimension of D. Hence the ‘derived induced
representation’ T,(g) is induced by the representation A®D(g) and acts on V(z)y(z)
according to (3.1).

The generalisation of the vector fields V,(z) is obtained by adding to (4.3) a
z-dependent N X N matrix,

v d
V@)= (;5+E), (7.4)
where we have introduced the inverse vierbein

0

e"p(z)=z7g”“. (7.5)
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Due to (7.3), the T',(z) must obey

Dtz ) (-5 +T.(0) Dl (e, ) = Eo T ) 76)

with z' = g~" . z. For the individual sub-groups of the factorisation (2.11) the condition
(7.6) splits into

[.z)=T.(z-a) (7.7)
DA .(2)DA)=AT.(A7'2) (7.8)
e*T,(z)=T.(e™2) (7.9)

D™ (A(z,¢))(0. +Tu(z2))D(A(z,¢)) = Ig(Z') g(z) .T.(z") (7.10)
=z-z%/1-2z.¢c+z%7,

where we have used (4.11). Equation (7.7) requires I',.(z) to be a function of 2° only,
and (7.9) shows that

[.(z)=T,/z° (7.11)
with the ', being constant N x N matrices. To exploit (7.10), we restrict to |¢|« 1 and
get

i 1
¢’ +;13(c”zu 2%, ), = -z—ac”z’[E,,,, r.]

by means of (4.13). Combined with (7.8), this condition yields
3i0+il =[S0, o]
i =[Zi0, T'e]
so that
I, =iZ,0. (7.12)

Hence we obtaint

V. (2) = (20, ~iZo,) (7.13)

as the final result.
By means of (7.13) we can now define the tensor-spinor

P A2 = V) L TR e (2), (7.14)

Wthh thus transforms under the field representation induced by the representation
®A®D(A) This is the basic property of the generalised covariant derivative.

t This form of a generalised covariant derivative has been given already by Nachtmann (1967). Note,
however, that his method is not capable of yielding the second term on the right-hand side of (7.13). Thisisa
consequence of the fact that Nachtmann’s definition (2.18) coincides with our definition (4.2), as follows from

v (z)w(z)— —T(g.) ' w(z' Vo = ,uD(g’(z"gz))w(gz.Z’)lzez

and §(z', g, )=e.
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In connection with these results we make some further comments on the field
equations. The operator of second order g*"V,,(z)V,(z) is calculated to be

r’v*(2)Vu(z) = T(Cu) — 32, 2, (7.15)

so that for the field representations in question the operator (7.15) is a multiple of the
identity simultaneously with T(Cy;). The Dirac equation (6.14) takes the suggestive
form

(iy*Vu(z)+my(z)=0 (7.16)

with m =p/r, which may be used to yield an independent proof of its invariance.
Furthermore, the Lorentz condition (6.7) now reads

V.C@W)(z)=0. (7.17)

Its role is further clarified by noting that Gauss’ theorem with respect to the differential
forms

3 (2) = — 3" w,(2) X wp(z) X @,(2) (7.18)

and for an arbitrary vector field ¢* is

[ m@wr@=] werewe (1.19)

The usual form of this integral theorem is obtained, if we pass from ¢* to
A% (2)=e" (2" (2) (7.20)

and take into account that
}vuu)w(z) =0 A*(2) T (2)A" (), (7.21)

where I'*,,(z) is the Christoffel symbol. It is readily shown that A* is a vector in the
sense of Riemannian geometry. This property together with (7.21) makes explicit the
relation between the generalised and the ordinary covariant derivative,

8. Solutions of the field equations and Einstein causality

Having derived the field equations in the preceding sections, we now give a systematic
treatment of their solutions.

At first we study the case of arbitrary spin s for fields of type (s, 0)®(0,5) d la
Weinberg. The only field equation is

(r’0(z) = 2iZ0xz °9 W (2) = AA +3)Y(2), (8.1)

where the X, are the infinitesimal operators of the representation D(A)=D“(A)
®D(A) " acting on ¢ = y®x. Furthermore, D“)(A) and D®(A)"! are the well
known representations (s, 0) and (0, s) of the Lorentz group (for the explicit definition,

T In Mielke (1977), the generalisation to arbitrary spin has been tried by means of Bargmann-Wigner
equations. However, the equations given there are not even invariant. Furthermore, it is erroneously
believed that the operator 43..3% acts on the Bargmann-Wigner field as a multiple of the identity with
eigenvalue s(s + 1), which is known to be true for s <% only.
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see, e.g. Grensing 1976, formula (B.22)). The differential equation (8.1) decouples into
separate equations for the (2s + 1)-component fields x and y, which have two indepen-
dent solutions denoted by x™ and y*. We call them positive and negative frequency
solutions for reasons which will become clear shortly. On performing a Fourier
transformation with respect to the spatial part of z, e.g.

@)= G I ) 52)

we obtain

2
(zoddz 220d +(pzo)> F2D (Mo )z%p A(A+3))x*(z°,p)=0.
0

This set of coupled differential equations can be reduced by choosing a helicity basis,

K @Ep= Y a@Cpskps), X @Op)= Y @ ps(p )
o (8.3)
where a” and ¢ are scalar functions and x(p, s3) is defined by
X (P, 53)= (D Ap)siss)ss=s...cos 8.4)
with
j — ( N "”l“”z) 8.5)
P Vpp+p )\ +pi+ip*  pp’

and p = |p|. The rotation (8.5) maps (0, 0, p)intop = (p*, p*, p°), which is used to show
that the basis functions y(p, s3) have the property

%p .D®(M)x(p, s3) = s3x(p, s3), (8.6)

where M'? = M? etc. Then, by taking into account that
+iD @M ) = DOM*) = DO A*), (8.7)
we end up with a differential equation fora™ and ¢, e.g.
<w2£—;_2w£¢;+ w+2issw -—A(A+3))a+(z°, p;53)=0
with w = pz°. The solutions are
a’(z° p; s3)=a"(p, s3IN*(p, p WM ;5(~2iw)
¢™(2° p; 53)=c (P, S)IN(p, pIWM,, 5 (=2iw),

where M, ;, (- 2iw) is a Whittaker function (Magnus et al 1966), a™(p, s3) and ¢ (p, s3)
are arbitrary Fourier amplitudes, and N(p, p) is a normalisation factor. The corre-
sponding functions ™ are obtained by simply replacing the index s; of the Whittaker
functions by its negative due to (8.7). The solutions of (8.1) are built from the solutions y
and y and read

(8.8)

U(z)= z[ (e a s pi 5+ €7 (B, 5502, ps 52) 8.9)
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with the fundamental solutions being given by

+53, 1p( 2IW)X(p’ 53)
d/ (Z pP; 53) N*(p,p)T(WM*sslp( 21W)X(p, S3)>

_ 1 WM+s3,ip(_21w)X(p’ 53)
ll’ (ZO’ P 53) = N(ps p)ﬁ((—1)ZSWM—Sg,ip(_2iw)X(p7 S3)) .

The factor (— 1)* in front of the lower components of ¢ "(z°, p; 5) has been chosen in
analogy to the flat case (Weinberg 1964a,b).

Now we are left with the determination of the normalisation factor N(p, p), which is
done as follows. The Hermitian form

(8.10)

Wdd=ir® [ BTN - COMERET.EUEE)], 61D
where by definition

F1(2)V, (2)2(2) = 51(2)(Vu (2 02(2)) = (V, () (2)W2(2)

and ¢ =(x', x"), is invariant under de Sltter transformations (3.1) due to (4.23) and
(7.3). Furthermore, it is independent of z° on account of the identity

V(@)L (2)3() =0

and Gauss’ theorem (7.19). Note that a factor r > has been inserted in (8.11) to give the
right-hand side the dimension zero. We fix N(p, p) by requiring that (8.11) takes the
form

W)=Y | G I sl aip sy e cilp s eips)  (812)

in Fourier space, which yields

Nip, p) =% ™™ [N (4pp’) (8.13)

with e'*‘”? an arbitrary phase factort. In addition we have proved that (8.11) is an inner

product, with respect to which the field representation (3.1) is unitary.

Asisobvious from (8.13), these investigations are valid for p > 0 only. We will make
some remarks on the existence of mass zero particles in de Sitter space in § 10.

We next turn to the investigation of the contraction process. We expect the limit

6 (0= lim VOm' 14 (2), (8.14)

with x and z being related by (5.2), to be finite because the scalar product (8.11) then
contracts into the well known scalar product

(¢1,¢2)=2_ J.dx(¢1(x) o¢2(x) (-1D)*67(x)—5 0¢2(x))

T Bdrner and Dirr (1969) have normalised the solutions with respect to the invariant measure (4.24).
However, then the scalar product does not contract into the corresponding scalar product of Minkowski
space.
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in Minkowski space. Furthermore, we define, e.g.

"k 52)= T Q0 (P)a"(p.52) (8.15)
with p = rk and w(p)=v(p>+p?) so that (8.12) goes over into the usual Minkowskian
expression

S N UK L2 P -

(61,62)=2mF s [ 3 ailh s @ik, so)+ ik 39 ek, 59)
w(k)=v(m*+k?).

Note that the field ¢ carries the correct canonical dimension 8 =s + 1 due to (8.14) and
(8.15). In order to compute the limit (8.14), we use the following asymptotic expansion
of the Whittaker functions My . (z) for large |m| and |z| (see Kazarinoff 1955, as cited
in Magnus et al 1966, p 319),

My (2mz)~ 2271212 T 2 (22 ) 2 ]
X[+ D=2 J @+ 1) explml(@*+ 1)~ 1) (8.16)
|z/2m|< 1. (8.17)

The inequality (8.17) applies to our case since we have to investigate M, ;, (— 2ir|k|z°)
for p and r larget. Then some calculation shows that for

eiB(p,p) — 2—2ip e—i3’n’/4 e——ip(lna—l)[p/(w(p)_p)]ip e—iw(p) (8.18)
the limit (8.14) exists and is equal to
2s 1 d3k —kx  + + +ikx  — -
d(x)=2m" Y FISE J 2w(k)(e a’(k,s3)¢p 7 (k,s3)+e e (k, s3)¢ (K, 53))
k=(w(k), k), (8.19)

where the functions ¢ *(k, s3) are exactly the fundamental solutions in the helicity basis,
e.g.

[w(k)+k))/ m] ™ (k, Ss)>
[(w(k)+[k[)/m]™=x(k, s3)/

To obtain this result was the reason for choosing the Whittaker functions M, (z) of the
first kind. If we had chosen instead the functions W, ,.(z) of the second kind, the limit
of, e.g. ¥ "(z), would contain positive and negative frequency parts.

To sum up, we have shown that particles of arbitrary spin s and mass m = p/r #0
exist in de Sitter space and their fields contract into those of Minkowski space. With the
exception of the Klein-Gordon equation (8.1), we had no recourse to field equations.
We now return to the investigation of fields of spin s < 1, defined by means of the field
equations derived in § 6. Furthermore, we make the transition to quantum fields. Then
the Fourier amplitudes a " (p, s3) and ¢ "(p, s3) become operators with adjoints

C+(P, s3)=a’"(p, s3)" a (p,s3)=c (p,s3)".

Asusual a” (p, s3) and ¢ *(p, s3) are interpreted as annihilation and creation operators of

6"k s9=75(

T In Mielke (1977) the asymptotic expansion of the Whittaker functions wy ,,, (2imz) (see Kazarinoff 1955,
equation (9.3)) is used, though this formula is applicable only for |z/2m|> i.
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particle and anti-particle states, respectivelyt. They are assumed to obey the commuta-
tion or anti-commutation relations

[a*(p, s3), (P, 53)]
=a*(p, s3)c*(p', s5)— (—1)>c*(p', s5)a™(p, s3) (8.20)
= (277)3683356 (P _P')

in agreement with the connection between spin and statistics. This definition is
compatible with the behaviour under scale transformations, e.g.

T(d) 'a*(p, s3)T(d) = (")**a*(e'p, 53). (8.21)

The creation and annihilation operators thus have dimension —3/2 for arbitrary spin.
Note that to obtain (8.21) we must set the phase factor (8.18) equal to one.

s=0
The solutions (8.9)-(8.10) can be employed for the scalar case if we identify
5=
NOAS VAR

and if the factor v(2)m* in (8.14)~(8.15)is replaced by one. The commutator function,
defined by

[¥(2), ¥(z)]=iA(z, 2", (8.22)
obviously is a solution of the homogeneous Klein-Gordon equation and obeys
V°(2)A(z, 2)|,0m0=—(2%’8%(z —2") > —8°(x — x). (8.23)

The limit in (8.23) is obtained upon multiplication with r~? because the contraction has
to be carried out with respect to

& (x)=1lim r 'y (z) (8.24)

according to the above remark. Furthermore, the distribution A(z, z’) has the property
Az, 2)|,02,0=0 {8.25)

so that the scalar field is local.

s=4

The calculation shows that the solutions (8.9)-(8.10) are solutions of the Dirac equation

as well. This is equally valid in the flat case. Note that this property fails to be true if we

had used the Whittaker functions of the second kind instead. The determination of the
equal-time anti-commutator yields

[W(2), 6(@) Jomro= §;<z°)353(z ~2)> 8 —x"), (8.26)
by taking into account the identity
x(=p, s3)=(=1Y"{(p' —ip®)/V[2p(p + P*)I}***x (p, —s3).

Hence the Dirac field obeys the principle of Einstein causality.

T Actually, this is a subtle point because the field representation splits into the direct sum of two equivalent
representations in contrast to the flat case.
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This case is not covered by the above investigations on Weinberg-type fields. The
solutions of the Klein—-Gordon equation (6.3), or explicitly

r2O(2)0%z2) +22% ' (z) =[2+ AA+3)W°(2)
P20 (2) — 22% Po(z) = A(A +3)Y* (2),

and the Lorentz condition (6.7) again can be given the form (8.9). The fundamental
solutions ¢=(z°, p; s3) are calculated to be

¥ (2% p; £ 1)=N(p, p)¥(p, £ HwMo;,(—2iw)

(8.27)
w
¢ (2% p; 0)=N(p, 0)7(——( ( d )) wMo i (—2iw),
) dw
with the basis functions ¢(p, = 1) being defined by
v, £1)= \—}5(/\,“1 +iR,*2) (8.28)

and /\, = &(A,,). Furthermore, the positive frequency fundamental solutions are
(2% p;s3) =7 (2% p; —s3)*. (8.29)

These solutions are normalised with respect to the scalar product

(01, ¥2)=—i j SH W NV L (2 W3 @) ~ w1 (@)L (2waE)). (8.30)

Again, the contraction yields the vector field of flat space in the helicity basis, with the
limit being taken according to (8.24). There remains the determination of the equal-
time commutator, which yields

W), ¢*(z") ) 0= 00
=[4*(2), ¥°(2") Nlzo-z0 (8.31)

i 0.k ON3al ’ l d 3 '
z2dW(z)Vé(z—2)>——86(x—x),
P! ((z7)87( ) m? o (x—x)

with all other commutators vanishing. This proves the locality property of the vector
field.

9. Commutator function
We now want to calculate the explicit invariant form of the commutator function. For

later purposes we do this for arbitrary dimension d of de Sitter space-time.
To begin with, we determine the solutions of the equation

[2°208* 8, — (d = 2)2%0l¢ (z) = AA +d — D) (2) 9.1)
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withu=0,1,...,d—1and A= —3(d —1)+ip. They read

v(z)= J (2:;"l [e77N*(p, p)(pz*)'“"H (pz°*a” (p)

+e 7P N(p. p)(p2") T H(p2)e ™ (p)] ©-2)

where for convenience we have chosen Hankel functions. The modified normalisation
constant is

N(p,p)=1/(m) ™™ *(p) 7", 9.3)
with the phase factor being omitted. By making use of the commutation relations

[a*(), c*(@)]=2m)"'s(p ~p"), (9.4)
the commutator functions

[7(2), ¢*(2')]=i4%(z, 2) (9.5)

are obtained to be

A (z1,22)= _A+(Zl, Z3)

H d —ip(z,—z 7 _ _
=1J (277;_1 e ip(n 2)|N(p,p)|2(pz(1))i(d 1)Hi(;)(pz?)(ng)£(d DHi(;)(pZ(z))*.

(9.6)
The integration over the angular variables can be performed with the result
A (1 22) =1 Dz [ dpp o (plzia)
0
x [N (p, p)(pz D P HG(p2)(pz3) " VH G (p2 ), 9.7)

and where z,,=z;—z,. To make the integral absolutely convergent we analytically
continue z into the backward tube,

2 (z%+ie, z), (9.8)

which is a reasonable procedure due to the fact that the conformal group acts as a
transitive transformation group on this domain (Riihl 1972, 1973a,b, Grensing 1976).
If in addition the Hankel functions are replaced by modified Bessel functions, we find

A_(zl, 22) = in—l'zlzl—%(d—s)(z(l)zcz))g(d_l)

X @) ¥ | dp p VK (ip (e +ie)

0
X Kip (+ip(23 — €)My a-3(plz12]). 9.9)
This integral is evaluated by means of (Magnus et al 1966, p 103)

[ dx x" 'K, (ax)K, (bx)J,(cx)
0

=WEm)ab) " e T+ + DI(r - p+ 1) - 1) 74P W),
(9.10)
where w =3(a’>+b>+c%)/bc andRe(r £u)>~1,Re »>—1,Rea >0,Re b >0, ¢ >0.
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We then obtain
A (z1, 22) =5iQ7) TG - 1) +ip)[G(d - 1)~ip)
x[(p12)* = 11 H 4 PP P (—puale)), (9.11)

where the geodesic distance

P12=1+££21_Z(1)%§)“_P(21,22) (9.12)

of the points z; and z, has been introduced (cf Gel'fand et al 1966) and py,(e) =
p(z9+ie, z;; z5—1ie, z;). This result can be further simplified with the aid of the
following relation between the Legendre function and the hypergeometric function
(Magnus et al 1966, p 52)

JFia, by Ya+b+1):2)=TGa+b+1)z(z - 1)]%“'“'“}’12; sT8(1-22) (9.13)
larg z| <, larg(z — 1)| <, ze{0, 1].

Then (9.11) takes the closed form

1aTGd =D +ip)T(G(d ~1)=ip)
TGd)

X 2F\(3(d = 1)+ip, 3(d — 1)~ip; 3d; 3(1 + p1a(€)). (9.14)

The hypergeometric function has a cut from 1< z <0 so that the e-prescription must
be taken into account for time-like or light-like separated points only. Furthermore,
because of

A™(zy, z2)=—i(47)”

z
§(1+ pua(e)) = 31 +pra) 1 +ie z°z°2> (9.15)
2
the distribution (9.14) turns out to be explicitly invariant (cf § 4).
Finally, starting from (9.11), the commutator function A(zy,z;)=
A*(zy, z2)+A(z4, z,) for physical space—time dimension d =4 is determined to be

1
A(Zl,zz)—“f(znzz) dp1a (G(sz—l)P—gﬂp(Plz)) (9-16)
with
0__0
+1 2172250
0 _o 2122
€(z1,23)= o o (9.17)
_1 ZIO f)2<0’
2122

which agrees up to factor r? with the result obtained in Tagirov (1973).

10. Irreducibility of the field representations and some comments on mass zero
particles

Our discussion of free fields in de Sitter space is not yet complete because it remains to
prove that the fields transform irreducibly. A rigorous proof would require a detailed
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analysis of time inversion invariance. However, this is a difficult problem which has not
been solved so far. To circumvent it, we will henceforth assume that the solutions of the
field equations have definite parity with respect to time inversion, without specifying
their explicit form. These solutions constitute an invariant sub-space, which we expect
to transform irreducibly under elements of the identity component of the de Sitter
group. The following arguments show that this suggestion is reasonable (Streitz 1976).

For simplicity we only discuss the scalar case. To begin with, we introduce functions
f(¢) defined on £2<0. Obviously, the quasi-regular representation

T(R)f(€)=f(R™'¢) (10.1)

with R € SOy(1, 4) is not irreducible. To achieve this, we require f to be an harmonic,
homogeneous function of degree A= —3+ip,

g f¢) =0 (10.2)
flag)=a’f(£), (10.3)

where (€)= (9/9€°)(8/8&,) and a > 0. Furthermore if f is assumed to be an even or
odd function, the sub-space so defined will be irreducible. This property can be proved
rigorously by means of the Gel'fand—Graev transformation (Gel'fand et al 1966) for
functions f which are defined instead on ¢2> 0, &> 0 and obey (10.2)-(10.3) (Vilenkin
1968). However, for £% <0 this transformation is known for d = 3 only, so that a proof
of our assertion is not available. Taking for granted this property, we now show how the
Klein—-Gordon equation appears in this context. To this end we make use of (10.3) and
define

Y(z)=r"f(é), (10.4)

with ¢ and z being related according to (2.18)and r = v (—¢&3). Interms of the variables
z and r the operator [1(¢) reads

1o,
0 =~ 7 =+ 0() (105

and we obtain
QE©fE) =0=r"""[r’O(z) - AA+3) Iy (2). (10.6)

Thus, the homogeneity property can be used to restrict the functions f on £°<0 to
£%=—r?, which together with the requirement that f is harmonic yields the Klein-
Gordon equation.

We add some remarks on mass zero particles in de Sitter space. At first we need
information about the irreducible sub-representations occurring in the reduction of the
quasi-regular representation (10.1) on functions over £* = —r. A thorough investiga-
tion, which we omit for the sake of brevity, shows that two types of representations
appear. The first is contained in the continuous principal series and carries the index
(0;3(d —1)+ip) with p #0. They have been associated above with scalar particles of
non-zero mass for 4 =4. The second type is contained in the exceptional series with
index (/; —1), where / is a multi-index. Only for d =2 do these representations belong
to the discrete series, and for d =3 to the principal series with p =0. We expect the
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representations to be associated with particles of mass zero. To confirm this supposi-
tion, we note that for A=—1 and spin / = 0 the field (cf Borner and Diirr 1969)

1
¢(z)=;¢(z) (10.7)
has canonical dimension § = 1,
T(d)¢(z)=(")"p(e™"2). (10.8)
Furthermore, it obeys the equation
3,8d(z)=0 (10.9)

so that the de Sitter group may be enlarged to the conformal group. A more sensitive
test is obtained for / = 1, where for the massless case some kind of gauge invariance
should occur. We thus determine those values of A for which the field equations are
invariant under the substitution

Y (z)» ¢ (2)=y¢"(2)+ V¥ (2)A(2). (10.10)

Since ¢'* must be a solution of the Klein—Gordon equation together with ¢*, the
arbitrary function A must obey the condition

T(Ci)V*(2)A(z) =[2+AA+3)]V* (2)A(z) = V*(2)O(z)A(z), (10.11)
and the invariance of the Lorentz condition requires
O(z)A(z) =0, (10.12)

which yields A= —1. We have not investigated in detail the solutions of the field
equations for mass zero. However, in the scalar case they are easily obtained and can be
shown to contract into the conformal invariant solutions of the flat case. Furthermore,
the field turns out to be local (cf also Tagirov 1973), in contrast to a result given in
Borner and Diirr (1969).

11. The renormalisation problem for the model of a scalar particle in the de Sitter
background field

In the preceding sections we have given a rather detailed investigation of free field
theory in de Sitter space. We now want to treat the simplest case of an interaction
problem, that of a scalar quantum field interacting with its classical background
geometry. The metric tensor g, (z) thus plays the role of an external field. If only the
first quantum correction is taken into account, the theory is fully determined by the
effective Lagrangian 4} of the matter field. Then the total Lagrangian & = £+ £,
with £ the gravitational Lagrangian, generates the irreducible vertex functions
with only one closed loop. It is a known fact that £§ is related to the Feynman
propagator Ag(zy, z2) of the matter field in the presence of the background by the
equation (for a derivation see, e.g. Brown and Duff 1975):

, .
Wx;;’(z):%AF(z, 2). (11.1)

The Feynman propagator is easily obtained from the results of § 8 and will be given
below. Hence the effective Langrangian is known explicitly.



Quantised fields over de Sitter space 1711

Does this theory obey the requirement of being renormalisable? This question has
been answered in the affirmative by Candelas and Raine (1975), and Dowker and
Critchley (1976) by applying the dimensional regularisation technique directly in
coordinate space. We present a corrected proof of renormalisability, which rigorously
takes into account the pole proportional to the square of the curvature. Moreover, a
slight modification results from our definition m = p/r of the mass.

First of all, by means of equation (9.14) the Feynman propagator

o__o0
+r_d+2A+(Zl,22) 210 f)2>0
Z122
Arles, 22)= o o (11.2)
—r_d+2A_(Zl,22) _{_1.6_262<0
212>
is determined to be
1/ , 1
AF(Zl’22)=_ir2(4wr2)—§dr(2(d 1)+1mr)11"(2(d 1)—imr)
I'Gzd)
X2 F\(3(d = 1) +imr, 3d = 1) —imr; 3d; 51+ pr2) ~ie) (11.3)

which agrees up to a minus sign with the result obtained by Candelas and Raine (1975)
and Dowker and Critchiey (1976) by means of the Schwinger-De Witt proper-time
technique (De Witt 1964, 1975). In particular, we have shown that the Fulling
phenomenon (Fulling 1973) does not occur (cf, however, Candelas and Raine 1975).
Note that the commutator functions A* have been multiplied by a factor r **? to assign
to Ar the correct dimension.

We define d = 2w and analytically continue to complex values of w. The coinci-
dence limit of (11.3) exists for Re w <1 and reads

__l . P
Ap(z,z)= —ir2(47r,2)“"1‘(1—a))r(wr(i:::;g? i:n,)lmr)
2 2

(11.4)

This is an analytic function of w except for simple poles with the following Laurent
series about w =2,

Ar(z,z) = —m(mzrz—z)[(w =) '+ B+imn)+yG—imr)
—In4#r*+C-1]+Ow - 2), (11.5)

where now ¢ (z)=I"(z)/T'(z) and C is Euler’s constant. The Laurent series of the
effective Lagrangian is then found to be

1

(1) _
< 327

((%m4r2+%m2)(w ~2)7! +J‘ dm*(m*r* + DG +imr) +y G —imr))
+Em*r? +3m3 (= 1n 47rr2+C—1)>+O(w—-2), (11.6)

which displays the form of the singularity at w = 2. The effective Lagrangian thus has
poles proportional to r° and r 2. However, as is known from standard theory (De Witt
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1964, 1975), there should exist a further pole proportional to r~*. Ithasbeen lost by the
illegitimate interchange of the integration and expansion process.

The existence of the r™* pole can be demonstrated as follows. We asymptotically
expand the effective Lagrangian about r = 0, which essentially amounts to a perturba-
tion expansion in powers of the curvature. This we achieve by means of (Magnus et al

1966, p 13)
Ia +ix)[(a —ix)/TB +ix)T(B —ix) ~ (x)* B(ao+ax *+ax *+0(x %)

with ao=1, a;=3(Bs(a)—Bs(B)), a.=1s(Bs(a)-Bs(B))’—16(Bs(a)~Bs(8)) and
B, (z) the Bernoulli polynomials. Hence we find for the propagator

Ap(z,z)~ — z ) MmN (w) (11.7)

(4 ) =
with
Jolw)=T(1-w)
@)= —3w -De -T2 -w) (11.8)
Ja2(w) =360(0 —3)(@ —3) (200>~ 56w + 15)[ (3 —w)

which shows that the Ji(w) are regular for k =2. Consequently, the asymptotic
expansion of the effective Lagrangian,

L ()

$(1)~
M To@m)” S

(11.9)

in fact has poles proportional to r’, r %, r ™*. The Laurent series for the coefficients of

the expansion are

2(477)«;1020) %(477)21[( -2y +ln<4 )+C——]+O(w 2)

2

2,1,( )wjl(_wl) 2,1,, (Z;)Zl[(w 2)” +ln<4 )+C+3]+O(w—2) (11.10)

2;4@_:)0»3(_«,2):_2; (417)241870[(“’ 2 ““(4 2>+C+6 ]+0(w 2).

We take into account the r ™ pole by making use of the freedom in the choice of an
integration constant,

F(z) =% J‘ dm’Ar(z, z) +r*C(w) (11.11)

where C(w)is independent of m. It is tempting to choose the integration constant to be
equal to the term k =2 of (11.9), as has been done by Dowker and Critchley (1976).
However, the Laurent series of £{; contains terms proportional to r*. We extract
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them by asymptotically expanding (11.6). Using (Norlund 1924, p 101)
Y@ +imr)+yG—imr)~In(mr) +5(mr) 2 = 5(mr) "+ O™,

we obtain

11,1, 3
(1)~ 2 2 _ 1 - e
M~ {<2"‘ Tamr )(‘" 2 +2 [1“(4 )+C ]

2

+lm2r_2[l (Z;-) +C+ 5] _g_r“‘ In(mr)* + O(r_é)} +O(w —2)

4 480
(11.12)

which proves the assertion. We can determine the integration constant by comparing
(11.12) with the Laurent series of (11.9),

2

(1) 1 {(1 s 1 52 17 _4) 11 4[ (m ) 3}
Fm 2 2m +2m r 480r (w—2) 2m In i C

)] B ) )
+om’y 1n<4ﬂ +C+3|-ar|In(Fo)+ c+ 5 |+0w-2)

—k w-k‘Ik(w)
2(4 . Z( 97 mA = (11.13)
so that C(w) must be equal to
1 wlz(w) 1 1 \»17
Clw) =2 (477) w22 (47rr) 250 )’ (11.14)

The infinities of the effective Lagrangian can be absorbed by a re-definition of the
gravitational Lagrangian

£L6=(16wG)"'R ~2A +(aR*+BR,..R*" +YR,,,.R**""), (11.15)

where G is the gravitational and A the cosmological constant. The last term on the
right-hand side of (11.15) has been added according to the general renormalisation
procedure (De Witt 1964, 1975, Isham et al 1975). We define renormalised constants
by

1 ]o(w) _
—2AR——2A+2( 4w> ) 2020 - 1)167Ga)"
= 202w —1)167G) ! + —1—<4w) il("’l) (11.16)

4w2(2w—1) (aR+ Br+ _(2:)_T1)'YR>

1 1 1 (m*\“Jy(w)
=40’ Qo -1 a+—p+ ) (—) 2
2w )<a ZwB w(2w—1)y +2m4 47/ w=2’
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and after all obtain a finite total Lagrangian at w =2,

1 1 l 4_% 2. -2
arty BR+67R)+32772[4"’ 3T

$=“ —2/\R+

3 144 (
47TGRr

1 .1 5, , 17 ) 2.2 —2J' 2( 2.2 1)
(2 4 r 480r In(mr)+r ! 4

x(w(%+imr>+¢<%—imr))]. (11.17)

Thus, the quantum theory of a scalar field in the de Sitter background proves to be
renormalisable. However, this result should not be taken too seriously in view of the
recent research on the renormalisation problem of quantum gravity (Isham et al 1975)
by means of the methods of non-Abelian gauge theories.

Appendix 1. Representations of the continuous principal series

We give a brief account of those representations of G which originate from the Bruhat
decomposition (2.11).

In actual computations it is convenient to use instead of G an isomorphic group G
defined by

A -1 11 il
=¢ g, d>—75<i1 1) (A.1)

so that the nilpotent factors

]\]_-'__{g(a)}aeﬂ3 N+={g(c)}ceﬂ3

take an explicit nilpotent form. Then the derivation of the representations y =
(l;—3+ip) of the continuous principal series proceeds along well known lines (see
Streitz 1976); a similar investigation for the spin covering of the Euclidean conformal
group SOy(1, 5) is carried out in Grensing (1975b). They are induced by the unitary and
irreducible representatlons of the subgroup G’ with elements g’ = g(4 )g(d)g(c), which
are trivial on N, and read

UX@)f(x)=f(x—a)
U*(A)f(x)= DAY (A 'x)

UX(@)f ()= (") Ff(e %) 2
UX(e)f(x)=(1+2x.c+x2c?)*DD(4 (x, )f(x+x’c/1+2x.c+x%c?)
with

A(x, e)=1+£é/(1+2x.c+x%c)'2, (A3)

These representations are unitary with respect to the scalar product

(s 12)= | dxfite)fato) (A4)
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The computation of the infinitesimal operators

_ - ;|
P —1_8(0)(:: 0s Mkzlw—mg(A)'a=O’
(A.5)

= .0 _

D=—15\‘g(d)|,\=o, K‘—1_8(0)|c =0
being related to the operators M., by
P, = M;s— Mo, Mic = My, D = Msq, K = Mis+ Mo, (A.6)
yields

Ux(ﬁi) =14,

U* (M) = D" (M) +i(x: 8¢ —xx9;) (A7)

UX(D)=i(—A+x'd;)
UX(K;) = 2(iAgu — DV (M ))x* —i(x*guc + 2xixi )"
In terms of the basis (A.5) of the Lie algebra the Casimir operators read
Cu=iMuM* -K,P'—D*+3iD (A.8)
Civ="— %MkM ikk P — %A_ljkM kikzp /— %MkM kilzlf’i
-iDDM M - DM,K'P' - }K.K'PP +iK'K'PP;
+3iM;M"D +3i3M"K;P, —iDK.P' + MyM" —2K.P", (A.9)

which may be used to calculate the eigenvalues (2.28) of U*(Cyy) and U* (Cyy). For the
convenience of the reader we also quote the second Casimir operator in case of the field
representation,

T(Cr)=iZs 3725 +33, 2%
+2i2, 25 2, 9 +iZu EX 22, 9, + 43, 2245,
+230 %278, - 23, 22, 0' — 20 T%2% 6, — 2iZ*z, 9
234 2%2,2%9 9, + 230 3% 2,2  5;0" + 234 2,259 9,
~2,u 2K 2%2,80 — 2, 27 2%2,80" + 254, 2%2,279,9"
+15, 3% 42 " 8,0, — 22 X'z kz“a“ 8 — 2 sk, “z"a,t 3
+ Zik ZﬁZH,Z H 6" 6,— + %Zy‘ ZikZMZ‘L a,-af - izk“ZkZ,,, 31 6,-
+iZ%2,2' 8,0, — 2i2"2,27 9, 6, (A.10)

which is needed in § 6.

Appendix 2. Discrete transformations

The full de Sitter group has four connected components. As representatives of the
decomposition of SO(1, 4) with respect to the identity component SOq(1, 4),

SO(1,4)=Y SOu(1, 4)R, J=LP,T,PT, (A.11)
J
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we choose R =1,
1 -1
-1 -1
Rp= -1 , Ry= -1 , (A.12)
-1 -1
1 -1

and Rpr= RpRt. They act on z in the canonical way,

R;. z=A;z. (A13)

In addition we introduce for later purposes

R5=<AJ 1>, (A.14)
which are related to the R; by
Ri=R,, Rp=Rp, R1=RrR, Rpr=RprRw. (A.15)
Furthermore, we shall need the explicit form of the inner automorphisms
ps(R)=R,RR;’ (A.16)
of SO(1. 4),

p1(R)=R =p1(R)

" R% -R% RY%

-R*s R% -R% = ppr(R). (A.17)
Rso “Rsi Rss k,i=i2,3

pr(R) =

A covering group 56( 1, 4) of SO(1, 4) again has four components, the connected
component of the identity being equal to G,

SO(1,4) =% Gg. (A.18)
J
In view of the identity

88:8'8r=8ps(8")8s8r (A.19)

and due to g;(g) = g/g g,’l € G the multiplication law of §6(1, 4) is completely specified,
if the inner automorphisms g; of G and the products g;g;r are known. In order to
determine the 5, we note that y°, which is not contained in G, maps ¢ into

B =207, §'=Rpt.

By defining & = y°E, itis easily checked that € g% € G and #(%g% ") = ppr(R), where
7 denotes the covering homomorphism of G =SOy(1, 4) onto SOy(1, 4) (cf (2.10)).
Hence we have gpr(g) = g€ ' so that the inner automorphisms are obtained to be

o1(g) =g =p1(g)

- - 822 —821\ _ .
pp(g)—(_ gi2 g“)—pn(g). (A.20)



Quantised fields over de Sitter space 1717

Furthermore, as in the case of the covering groups of the full Lorentz group (see
Grensing 1975a), the multiplication law of the discrete elements reads

81 8p 8T 8rT
81 &1 8p 8T gpr €p, GT,Ep'r'—“:tl.
8p | 8P €pg1 grr €pgT (A.21)

8t | 81 €p€T€pT8PT €TE1 €EPEPTEP

8pr | 8T €TEPTET €Tgp  €pTgI

On account of
8I8r = €8r&n J#T, LT #1 (A.22)

with € = epeTepr the discrete elements commute or anti-commute. That is, there exist
eight non-isomorphic covering groups of the full de Sitter group.

We apply these results to the field representations (3.1), which we want to extend by
the discrete transformations. A simple calculation shows

p1(g:) =g, =p1(g:)

. 0 . (A.23)
pr(g:) = sgn(z")gae: = prr(8:)
so that
sgn(z°) gh J=P
87 88AT' = gr J=T (A.24)
sgn(z %) grr J=PT
where we have defined
g1=g1, gr =g, 8T= 818 8PT= gPT8 (A.25)

in analogy to (A.15). These discrete elements determine the inner automorphisms

pAg)=ghggyr ' with

. _( 822 “821) . =(822 812) . =( 811 _g12>

pe(e) ("812 811 pre) 821 8&n prilg) — 821 822/’
(A.26)

and their multiplication law is specified by

€p=+e€p, €T=+er, €pT= —€pr. (A.27)
In contradistinction to the discrete elements g, the g have the properties

gr.2=12 (A.28)
and

P@=g=prr@),  pe@=8§""=p1(8). (A.29)

Hence the fixed group of Z contains elements gg), and the wleld the same inner
automorphisms of SOo(l 3) as the corresponding elements of SO(1, 3). We have now
reduced the task to a known problem, because we can make use of the representations
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of the spin coverings of the full Lorentz group. The representations with dimension less
than or equal to four read (Grensing 1975a)

s=0: D@)=1; D(gp) =ép, D(gr)=ér (A.30)
s =13 D) =§; D(gp)=7", D(gh) =iéry’y® (A.31)
s=1: D(@)=A,; D(gp) = €pAp, D(gr)=érAr (A.32)

with ép,ér=+£1, and where for s =31 we have restricted ourselves to the case
(ep, €, epr) =(1, —1, 1). In addition to (3.1) we thus define

T(gNw(z)=D(g: 'giger (85" . 2). (A.33)
Going over from the g} to the g;, we find
T(ge)(z) = D(sgn(z")gp)d(Ap '2) (A.34)

T(g1)¥(2) =D (gD(Ar'2)

and T(gpr) = T(gp)T(g7) such that for the representations (A.30)-(A.32) the discrete
transformations take the form

s=0: T(gp)(z)=épp(A5'2), T(gw(z) = éxp(AT'2) (A.35)
s=% T(ge)¥(z) =sgn(z®)y W (Ap'z), T(gr)y(z) =iéry’y w(AT'2) (A.36)
s=1: T(gP)'//(Z) = éPAPlJI(A;lZ), T(gT)lff(Z) = éTATllf(A?Z), (A.37)

which is the final result. Note that for s =3 the discrete elements (A.36) commute,
though we have induced them with an anti-commuting representation.
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